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Abstract 

Multi-letter quantum finite automata (QFAs) were a new one-way QFA model pro- 
posed recently by Belovs, Rosmanis, and Smotrovs (LNCS, Vol. 4588, Springer, Berlin, 
2007, pp. 60-71), and they showed that multi-letter QFAs can accept with no error some 
regular languages (a + b)*b that are unacceptable by the one-way QFAs. In this paper, 
we study the decidability of the equivalence of multi-letter QFAs, and the main technical 
contributions are as follows: (1) We show that any two automata, a fci-letter QFA Ai and 
a /c2-letter QFA A2 , over the same input alphabet E are equivalent if and only if they are 
(n 2 m k ~~ 1 — m k ^ 1 + k) -equivalent, where m = |E is the cardinality of E, k = max(/ci, A^), 
and n = rii + U2, with ni and na being the numbers of states of A\ and A2, respectively. 
When k = 1, we obtain the decidability of equivalence of measure-once QFAs in the lit- 
erature. (2) However, if we determine the equivalence of multi-letter QFAs by checking 
all strings of length not more than n 2 m k ~ 1 — m + k, then the worst time complexity 
is exponential, i.e., 0(n 6 m n m ~ m +2 * _1 ). Therefore, we design a polynomial-time 
0(m 2k ^ 1 n^ + km k n 6 ) algorithm for determining the equivalence of any two multi-letter 
QFAs. Here, the time complexity is concerning the number of states in the multi-letter 
QFAs, and k is thought of as a constant. 
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1 Introduction 



Quantum finite automata (QFAs) are a kind of theoretical models of quantum comput- 
ers with finite memory. This kind of computing machines was first studied by Moore and 
Crutchfield [15], as well as by Kondacs and Watrous [ill] independently. Then it was dealt 
with in depth by Ambainis and Freivalds [2], Brodsky and Pippenger [5j, and other authors 
(see, e.g., the references in [18]). The study of QFAs is mainly divided into two directions: 
one is one-way quantum finite automata (lQFAs) whose tape heads only move one cell to the 
right at each computation step (lQFAs have been extensively studied in [3]), and the other 
is two-way quantum finite automata (2QFAs), in which the tape heads are allowed to move 
towards the right or left, or to be stationary [llj. (Notably, Amano and Iwama [1] dealt 
with a decidability problem concerning an intermediate form called 1.5QFAs, whose tape 
heads are allowed to move right or to be stationary; Hirvensalo [9] investigated a decidability 
problem related to one-way QFAs.) Furthermore, by considering the number of times the 
measurement is performed in a computation, lQFAs have two different forms: measure-once 
lQFAs (MO-lQFAs) proposed by Moore and Crutchfield [15], and, measure-many lQFAs 
(MM-lQFAs) studied first by Kondacs and Watrous [TT] . 

MM-lQFAs are strictly more powerful than MO-lQFAs j2[ [3] (Indeed, a*b* can be ac- 
cepted by MM-lQFAs with bounded error but not by any MO-1QFA with bounded error). 
Due to the unitarity of quantum physics and finite memory of finite automata, both MO- 
lQFAs and MM-lQFAs can only accept proper subclasses of regular languages with bounded 
error (see, e.g., [HI EJ 0] ) • Indeed, it was shown that the regular language (a + b)*b cannot 
be accepted by any MM-1QFA with bounded error [llj . 

Recently, Belovs, Rosmanis, and Smotrovs [3] proposed a new one-way QFA model, 
namely, multi-letter QFAs, which can be thought of as a quantum counterpart of more re- 
stricted classical one-way multi-head finite automata (see, e.g., pi]])- Roughly speaking, a 
A;- letter QFA is not limited to seeing only one, the just-incoming input letter, but can see 
several earlier received letters as well. That is, the quantum state transition which the au- 
tomaton performs at each step depends on the last k letters received. For the other computing 
principle, it is similar to the MO-lQFAs as described above. Indeed, when k = 1, it reduces 
to an MO-1QFA. By C{QFA]A we denote the class of languages accepted with bounded error 
by fc-letter QFAs. Any given /c-letter QFA can be simulated by some (k + l)-letter QFA. Qiu 
and Yu [19] have proved that C{QFAk) C C{QFAk+\) for k = 1, 2, where the inclusion 
C is proper. Therefore, {k + l)-letter QFAs are computationally more powerful than ^-letter 
QFAs. Belovs et al. [3] have already showed that (a + b)*b can be accepted by a 2-letter 
QFA but, as proved in [TT], it cannot be accepted by any MM-1QFA with bounded error. 
Therefore, multi-letter QFAs can accept some regular languages that cannot be accepted by 
any MM- 1 QFA and MO-1QFA. 
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As we know, determining the equivalence for computing models is an important issue in 
the theory of computation (see, e.g., [JUl E2J [8] ) . Two computing models over the same input 
alphabet E are n-equivalent if and only if their accepting probabilities are equal for the input 
strings of length not more than n, while they are equivalent if and only if their accepting 
probabilities are equal for all input strings. 

Concerning the problem of determining the equivalence for QFAs, there exist some works 
[5j [15] that deals with the simplest case — MO-lQFAs. For quantum sequential machines 
(QSMs), Qiu and Li [17\ [P2] gave a method for determining whether or not any two given 
QSMs are equivalent. This method applies to determining the equivalence between any two 
MO- 1 QFAs and also is different from the previous ones. For the equivalence problem of 
MM-lQFAs, inspired by the works of [22] and [4j, Li and Qiu [13] presented a polynomial- 
time algorithm for determining whether or not any two given MM- 1 QFAs are equivalent. 
Recently, Qiu and Yu [19] proved that any two automata, a fei-letter QFA A\ and a &2- 
letter QFA A2 over the same input alphabet S = {0} are equivalent if and only if they are 
(ni + n-2) 4 + k — 1-equivalent, where n\ and ri2 are the numbers of states of A\ and A2, 
respectively, and k = max(/ci, A^). 

In this paper, we study the equivalence of multi-letter QFAs for input alphabet X that 
has arbitrary number of elements, say X = 02, . . . , m }. More specifically, we prove that 
any two automata, a fei-letter QFA A\ and a A^-letter QFA A2 over the input alphabet S = 
{<7i, <72, • • • , cr m }, are equivalent if and only if they are {{ni+n2) 2 m k ^ 1 — m fc_1 + &)-equivalent, 
where n\ and 112 are the numbers of states of Ai and A2, respectively, k = max(A;i, ^2)- As 
a corollary, when k = 1, we obtain that any two given MO- 1 QFAs A\ and A2 over the input 
alphabet S = {01, 02, . . . , a m }, are equivalent if and only if they are (ni +n2) 2 -equivalent. In 
addition, when m = 1, we have that any two automata, a /ci-letter QFAs Ai and a ^-letter 
A2, over the input alphabet £ = {0} are equivalent if and only if they are ((ni + n2) 2 + A: — 1)- 
equivalent. 

However, if we determine the equivalence of multi-letter QFAs by checking all strings x 
with |x| < n 2 m k ~ 1 — m k ~~ 1 +k, then the time complexity is exponential, i.e., 0(n 6 m n2mk 1 ~ m - k 1 +2fc-i^ 
where \x\ is the length of x, and n = ni+ri2. Therefore, in this paper, we design a polynomial- 
time 0(m 2k ~ 1 n 8 + km k rfi) algorithm for determining the equivalence of any two multi-letter 
QFAs. 

The remainder of the paper is organized as follows. In Section 2, we recall the definition 
of multi-letter QFAs and other related definitions, and some related results are reviewed. 
In Section 3, we give a condition (mentioned before) for whether two multi-letter QFAs are 
equivalent. Also, some corollaries are obtained, and those corollaries correspond to results 
found in literature. Then, in Section 4, we design a polynomial-time 0(m 2k ~ 1 n 8 + km k n e ) 
algorithm for determining the equivalence of any two multi-letter QFAs. Finally, in Section 
5 we address some related issues for further consideration. 
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We would mention that the technical process in this paper is new and much more com- 
plicated than that in the literature [EJ El H21 [131 E] regarding the equivalence of lQFAs. In 
general, symbols will be explained when they first appear. In this paper, for a matrix A, we 
use A* and A^ to denote its conjugate and conjugate transpose, respectively. 

2 Preliminaries 

In this section, we briefly review some definitions and related properties that will be 
used in the consequent sections. For the details, we refer to [3l|T9]. First we recall fc-letter 
deterministic finite automata (k- letter DFAs). 

Definition 1 ([3]). A k- letter deterministic finite automaton {k- letter DFA) is defined by a 
quintuple (Q, Q aC c, QOi 7), where Q is a finite set of states, Q aC c ^ Q is the set of accepting 
states, qo £ Q is the initial state, £ is a finite input alphabet, and 7 is a transition function 
that maps Q x T k to Q, where T = {A} |J £ and letter A ^ £ denotes the empty letter, and 
rpk (- rp* cons i s t s Q f q\\ strings of length k. 

We describe the computing process of a k- letter DFA on an input string x in £*, where 
x = o\G2 • • • c n , and S* denotes the set of all strings over S. The fc-letter DFA has a tape 
which contains the letter A in its first k — 1 positions followed by the input string x. The 
automaton starts in the initial state q$ and has k reading heads which initially are on the first 
k positions of the tape (clearly, the fcth head reads <ti and the other heads read A). Then 
the automaton transfers to a new state as current state and all heads move right a position 
in parallel. Now the (k — l)th and kth heads point to a\ and 02, respectively, and the others, 
if any, to A. Subsequently, the automaton transfers to a new state and all heads move to the 
right. This process does not stop until the fcth head has read the last letter a n . The input 
string x is accepted if and only if the automaton enters an accepting state after its kth head 
reading the last letter a n . 

Clearly, /c-letter DFAs are not more powerful than DFAs. Indeed, the family of languages 
accepted by fc-letter DFAs, for k > 1, is exactly the family of regular languages. A group 
finite automaton (GFA) [5] is a DFA whose state transition function, say 5, satisfies that for 
any input symbol cr, d~(-,a) is a one-to-one map on the state set, i.e., a permutation on the 
state set. 

Definition 2 (|3j). A fc-letter DFA (Q, Q a cc, <7o> ^,7) is called a /c-letter group finite automa- 
ton (A;-letter GFA) if and only if for any string x G T k the function 7 x (g) = j(q,x) is a 
bijection from Q to Q. 

Now we recall the definition of multi-letter QFAs [3] . 
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Definition 3 (|3j). A fc-letter QFA A is defined by a quintuple A = (Q, Q acc , \tpo), Yl, fj,) 
where Q is a set of states, Q acc Q Q is the set of accepting states, \ipo) is the initial unit state 
that is a superposition of the states in Q, E is a finite input alphabet, and [i is a function 
that assigns a unitary transition matrix U w on O^l for each string S ({A} U E) fc , where 
\Q\ is the cardinality of Q. 

The computation of a A;-letter QFA *4 works in the same way as the computation of an 
MO- 1 QFA |151 [5]. except that it applies unitary transformations corresponding not only to 
the last letter but the last k letters received (like a /c-letter DFA). When k = 1, it is exactly 
an MO-1QFA as pointed out before. According to [3], all languages accepted by fe-letter 
QFAs with bounded error are regular languages for any k. 

Now we give the probability Pa{x) for fc-letter QFA A = (Q,Q a cc, \ipo),^)fj) accepting 
any input string x = o\Oi • • • a m . From the definition we know that, for any w £ ({A} U E) fc , 
n(w) is a unitary matrix. By the definition of /i, we can define the unitary transition for 
each string x = <J\Oi ■ ■ ■ a m £ S*. By ~fi (induced by /jl) we mean a map from £* to the set 
of all \Q\ x \Q\ unitary matrices. Specifically, /2 is induced by \i in the following way: For 
x = o\ai ■■■a m G E*, 



^(A fc - 1 CTi)/i(A fe - 2 cjiCT 2 ) • • • fi(A k -' m x), if m < k, 

//(A fc " 1 cri)/i(A fc ~ 2 0-iCr 2 ) • • • n(o m - k +l<?rn-k+2 ' ' ' H m>k, 



which implies the computing process of A for input string x. 

We identify the states in Q with an orthonormal basis of C'^', and let P acc denote the 
projection operator on the subspace spanned by Qacc- Then we define that 

PA{x) = \\{Mnx)Pacc\\ 2 . (2) 



3 Determining the equivalence between multi-letter quantum 
finite automata 

For any given fci-letter QFA A\ and fe-letter QFA A2 over the same input alphabet 
E = {a 1, o"2, . . . , cr m }, our purpose is to determine whether they are equivalent. We give the 
definition of equivalence between two multi-letter QFAs. 

Definition 4. A fci-letter QFA A\ and another ^-letter QFA A2 over the same input al- 
phabet E are said to be equivalent (resp. i-equivalent) if Pj^ x (w) = P_a 2 (w) for any w € E* 
(resp. for any input string w with \w\ < t). 

We introduce some notation.. C n denotes the Euclidean space consisting of all n-dimensional 
complex vectors. For a subset S of C n , spanS represents the minimal subspace spanned by 

5 



S. For any given fe-letter QFA A = (Q,Q a cc, \ipo)) fj,), we denote ¥(j) = span{{ipo\]l(x) : 
x G £*, |x| < j}, j = 1,2, • • • . That is, F(j) is a subspace of O^l, spanned by {{ipo\~fi( x ) : % G 
S*, |x| < j}, where [Q| denotes the the number of states of Q. 

Lemma 1. Let A = (Q, Q a cc, |^o}> /x) 6e a k-letter QFA, where £ = {o^ : ? = 1, 2, • • • , m}. 
T/ien t/iere exists an integer io < (n — l)m k ~~ 1 + k such that, for any i > io, F(i) = ¥(io), 
where n is the number of states of Q . 

Proof. We denote 

EC*- 1 ) = {x : x G Z*,\x\ = k - 1}; (3) 

and 

G(l,w) = span{(ipo\]l(xw) : x G £*, |x[ < Z} (4) 
for any w G E^' -1 ) and any / G {0, 1, 2, • • • }. In addition, we denote 

H(0 = © tteE (*-i)G(i,«;) (5) 

for any / G {0, 1,2, •••}, where © w€ £(fc-i)G(Z, iu) is the direct sum of G(l,w) for all w G 
E^-^.It is clear that 

G(Z, w) C G(Z + 1, to), Vw G E^ 1 ) and V/ G {0, 1, 2, • • • }, (6) 

and 

H(Z) C H(Z + 1), VZ G {0, 1, 2, ■ • • }. (7) 
Since G(l,w) is a subspace of C n , we obtain that 

1 < dim(G(Z,K;)) < n, (8) 

for any w G E^ -1 ) and any Z G {0, 1,2, • • • }, where dim(G(Z,w)) denotes the dimension of 
G(l,w). Furthermore, by the definition of direct sum, we have 

m k ~ l < dim(M(/)) < nm^ 1 (9) 

for any Z G {0, 1, 2, • • • }. Therefore, by Eq. (JT]) there exists Iq < (n — l)m fc_1 + 1 such that 

M(Z ) = H(Z + 1). (10) 

Equivalently, 

G(Jo,u7) = G(Jo + l,uO, VwGSM. (11) 

Let io = lo + — 1) < (n — l)m fe_1 + k. Now, we prove by induction that, for any i > io, 
¥(i)=¥(i ). 

Base step. When i = i^, it is clear that F(i) = ¥(io). 
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Induction step. Suppose ¥(j) = F(io), for some j > iq. Our purpose is to prove that F(j + 
1) = F(i ). For any given w G we denote w = cri<7 2 • ■ ■ ai 0+ iai 0+2 ■ ■ ■ a io a io+ i ■ ■ ■ OjO-j+\ 

and let w = ai 0+2 ■ ■ ■ a^a^+i. Clearly, w G £( fc-1 ), and (i()o\V>(°~l°~2 ■ ■ ■ ^0+1^0+2 - - - °io 
°~i +i) = (V'ol^o-i^ • • • o-i 0+1 w ) G G(Z + I, w ). 

Due to H(Z ) = H(Z + 1), i.e., G(Z ,w) = G(Z + l,io) for any w G S^" 1 ), we obtain 
that (V'o|m( <t i (J 2 ' ' ' °~i +iWo) G G(Zq,ioo)- Therefore, (V'o|7 : '( 'l '2 ' • • fffc+iWo) can be linearly 
represented by the vectors of G(Zo,^o)- As a result, there exist a finite index set T and 
x 7 G {x : x G El*, |x[ < Zo} as well as complex numbers p 7 with 7 G T, such that 

{^otP(o-io- 2 ■ ■ ■ <Ti +iW ) = y^PjiipolfZ^Wo). (12) 



7er 



Therefore, we have 



(ip \~p(w) = {ipo[p(o-io-2 ■ ■ ■ ai 0+ iw a io+ 2 ■ ■ ■ cr j+1 ) 

= {^q\V-{0-10- 2 ■ ■ ■ 0-l 0+ lW )fJ,(w a io+ 2) ■ ■ ■ fi((Tj-k+2 ■ ■ ■ o-j+i) 

= ^2p- f (^o\'P(x 1 wo)fi(w ai 0+ 2) ■ • • (J,(o-j-k+2 ■ ■ ■ o-j+i) 
7er 

= ^2p-y(i>o\~p(x~ / o-i 0+ 2 ■ ■ ■ o- io a io+1 ■ ■ ■ o-jO-j+i) G F(j). 
7er 

Consequently, {ipo\]l(w) G F(j), and we get that F(j + 1) C F(j). On the other hand, 
F(j) C F(j + 1) always holds. Hence, we obtain that ¥(j + 1) = ¥(j) = F(io). The proof is 
completed. □ 

With the same method of proof as that for Lemma 1, we can obtain the following lemma. 

Lemma 2. For £ = {o~i : i = 1, 2, • • ■ , m} and a k-letter QFA A = (Q, Q a cc, li^o), n), there 
exists an integer i$ < (n 2 — l)m fc_1 + k such that, for any i > iq, E(i) = E(io), where n is 
the number of states of Q, E(j) = span{(ipQ \ (g) ((^o|)*J 7 (^) : x G X*, \x\ < j} for j = 1, 2, • • • , 
andV(x) =~fi(x) ®~fi(x)*, where * denotes the conjugate operation. 

Proof. It is exactly similar to the proof of Lemma [TJ □ 

To prove the equivalence of multi-letter QFAs, we further present a lemma. For £ = 
{(7i, o" 2 , • • • , <7 m }, a fci-letter QFA A\ = (Qx,Qacc, \ipo /j^jW) and another ^-letter QFA 

/2 s ) (a 1 ) (11 tel 

-4-2 = (Q2,Qacc, IV'o ), S, /U2)) let Pice and Pace denote the projection operators on the sub- 
spaces spanned by Q^acc and Qicc, respectively. For any string x G £*, we set = 
7*i(aj) ©^2(^) and P acc = P^ c © PiS, Q acc = {\vi) © 1%) : G Q^i and |t? 2 ) G Qicc}- 
In addition, we denote |r/i) = IV'^) © O2 and 1%) = Oi IV'o 2 ^}) where Oi and O2 represent 
column zero vectors of n\ and n 2 dimensions, respectively. 
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Lemma 3. A\ and A2 above are equivalent if and only if 

((m\((vi\r-(m\((m\YP(x) E (\pjK\pj))*) = o 

Pj £Qacc 

for all strings x G S + ; where V(x) = ~p(x) ®~fi(x)*. 
Proof. Denote that, for any string x£S*, 

and 

p m( x ) = \\(m\~P(x)Pacc\\ 2 - 

Indeed, we further have that 

Pmix) = \\(vi\-p(x)Pacc\\ 2 

= {mlH^PaccPLcPi^lm) 

= (m\~P{ x )Pacc~p{x) ] \lll) 

= (4 1) |/z 1 (x)Pi c 1 )7Z 1 (x)t|4 1 )) 

P m {x) = Pa 2 (x)- 
Pa 1 (x) = P A ,(x) 



Similarly, 
Therefore, 
holds if and only if 



Pm(x) = Prpix) 
for any string x £ X*. On the other hand, we have that 



III c\\ 



Pm( x ) = \\{m\P{x)P* 

= E \(vi\Hx)\p,)\ 2 

Pj^Qacc 

= E {m\n(x)\Pj)((m\'P(x)\Pj}T 

= E (vi\((vi\)%nx)®(nx))n\Pi)(\Pj)y 

acc 

= (m\({m\)%Hx) ® (H*))*) E l^>(h»* 

acc 

Similarly, 

PM = (m\((m\nrtx) ® mx)T) E \PiK\Pi)) m - 

acc 



Therefore, Eq. (I19p holds if and only if 

foKfoim*)® (£(*))*) E bi)(bi»* 
= (i»l((»»l)'0i(x)«0iwn £ bi)(b;>r (22) 

for any string x G E*. Denote 

= /Z(x) ®/Z(x)*. (23) 

Clearly z/(x) is an n 2 x n 2 complex square matrix. Then the equivalence between A\ and A2 
depends on whether or not the following equation holds for any string i£S*: 

(vi\((vx\rnx) e iwxi^>r = <%i«»»imx) e i«>(iPi>r, (24) 

^Qacc Pj £Qacc 

i.e., 

((mi((mir-<»»i«»»i)*M«) E [Pi>(iPi»*=°- (25) 

J3j ^zQacc 

□ 

With the above lemmas we are ready to prove the main theorem. 

Theorem 4. .4.1 and A2 above are equivalent if and only if they are (n 2 m k ~ 1 — m k ~ l + k)- 
equivalent, where k = max(A;i, ^2) and n = n\ + n<i, with Hi being the number of states in Qi, 
i = 1,2. 

Proof. Denote = span{({r)i\((rji\)* - (m\({V2\)*P(x) : x E £*, \x\ < j} for j = 1,2, ■ • • . 
Here B(j) is a subspace of C™ 2 . By Lemma O we can readily obtain that there exists an 
io < {n 2 — l)m k ~ 1 + k such that 

D(i) = B(i ) (26) 

for all i > io- Eq. (|26|) implies that, for any x G S* with |x| > (n 2 — l)m fc_1 + ((f?i|((?7i|)* — 
( ? ?2|(('?2|)*)i 7 (^) can be linearly represented by some vectors in {((r/i |((r/i |)* — (??2 1 ( (??2 1 )* )i 7 (j/) : 
t/GS* and |y| < (n 2 — l)m fc_1 + A;}. 

Consequently, if Eq. fjl3[) holds for all x with |x| < (n 2 — l)m k ~ 1 + fc, then so does it for 
all x with [x| > (n 2 — l)m k ~ 1 + A;. We have proved this theorem. □ 

From Theorem H] we can get a sufficient and necessary condition for the equivalence of 
MO-lQFAs {k = 1), and we describe it by the following corollary, which was also presented 
by Li and Qiu [H] . 
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Corollary 5. For E = {a u a 2 , ■■■ , a m }, an M0-1QFA Ai = (Qi, Q { a J c , \% '}, E, m) and 

(2) (2) 

another M0-1QFA A 2 = (Q2, Qacc, IV'o )> ^> ^2) « r e equivalent if and only if they are {n\ + 
n 2 ) 2 -equivalent, where n« is t/ie number of states of Qi, i = 1,2. 

Remark 1. We analyze the complexity of computation in Theorem |U As in [22], we assume 
that all the inputs consist of complex numbers whose real and imaginary parts are rational 
numbers and that each arithmetic operation on rational numbers can be done in constant 
time. Again we denote n = n\ + n 2 . Note that in time 0(in ) we check whether or not 
Eq. (fT3|) holds for x G E* with |x| = i. Because the length of x to be checked in Eq. (fT3|) 
is at most (n 2 — \)m k ~ l + k, the time complexity for checking whether the two multi-letter 
QFAs are equivalent is 0(n 4 (m + 2m 2 + ... + ((n 2 — l)m k ~ l + k)m n2mk 1 ~ m,k 1+k )), that is 

(jftrn n2mk ~ 1 ~ mk — 1 ^ 

From Theorem [5] we can obtain a sufficient and necessary condition for the equivalence of 
multi-QFAs over the same single input alphabet, and we describe it by the following corollary, 
which has been studied by Qiu and Yu [19] . 

Corollary 6. For E = {a}, a k\-letter QFA A\ = (Qi, Qacc, E, fii) and another 

k 2 -letter QFA A 2 = (Q2, QaL l^), E, H 2 ) are equivalent if and only if they are (n 2 + k — 1)- 
equivalent, where k = max(fei, k 2 ) and n = n\ + n 2 , with rii being the number of states of Qi, 

1 = 1,2. 

4 A polynomial- time algorithm for determining the equiva- 
lence between multi-letter QFAs 

According to our analysis of the complexity of computation in Remark 1, we need expo- 
nential time for checking whether or not two multi-letter QFAs are equivalent if Eq. (|13p 
is checked for all strings x G E* with \x\ < (n 2 — l)m k ~ 1 + k. In this section, our purpose 
is to design a polynomial-time algorithm for determining the equivalence between any two 
multi- letter QFAs. 

We still use the symbols from Lemma 3 and Theorem 0] and its proof. In addition, denote 
(V\ = (m\((m\)* - (m\((V2\T and |P acc > = E PjeQacc biXlPi))*- Then, Eq. @® is equivalent 
to 

(»/|F(a;)|i' aoc )=0. (27) 

For w G E( fc_1 ), denote G(l,w) = span{{n\U{xw) : x G E*, |x| < /}. Then, from the proof of 
Lemma 1 we know that there exists Zo ^ (n 2 ~ l)wi fe 1 + 1 such that, for any w G E^" 1 ) and 
any / > Iq, G(l,w) = G(Iq,w). Since G(Iq,w) is a subspace of C n ~ , dim(G(io, w)) < n 2 . 

If within polynomial time we can find a basis, denoted by B(w), of the subspace G(Iq, w), 
for all w G E^" 1 ), then any element in U wgS (fc-i)G(Zo, w) can be linearly represented by these 
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elements in U weS (k-i)B(w). Therefore, to determine whether or not Eq. (fT3|) holds, it suffices 
to check Eq. Cd for all elements in U weJ , {k -i)B(w) \J{{r]\V{x) : x G uf~ 2 XW}. 

4.1 A polynomial time algorithm for finding out a base of G(7o,^) 

First, we give some useful definitions. For E = {a±, oi, ••• , cr m }, we define a strict 
order[20] " < " on X+ (X+ = X* \ {e}) by, Vxi, x 2 G X+, 

xi < X2 iff |xi | < \x2\ or (|xi | = \x2\-, x\ = yoiZ\,X2 = yo~jZ2 and i < j), (28) 

where <7j, Uj G X and y, zi, Z2 G X*. Based on the strict order <, we define a partial order [20] 
" < " on X+ by, Vxi,x 2 G X+, 

xi < X2 iff xi < X2 or xi = X2- (29) 

The partial order < can be expanded to X* if we set e < x for all x G X*. Clearly, X* is a 
well-ordered set |2Uj . i.e., every nonempty subset of X* contains a least element. 

In the following we design a polynomial time algorithm to search for B(w) for all w G 
X( fc-1 \ which is described by the following Theorem. 

Theorem 7. For a k\-letter QFA A\ = (Qi, Qacc, l^o^)' ^> w) an d another Jt2-letter QFA 

(2) ("2) 

-4-2 = (Q2,Qacc, \ipQ ),X,/i2), where X = {<7i, (J2, • • • , o" m }, there exists a polynomial time 
0(m 2k ^ 1 n 8 + km k n & ) algorithm finding LLseC 1 - 1 ) &( w )' where, as above, B(w) is a base of 
subspaceG(l ,w), {n\ = {mldml)* ~ (m\({m\)* , andv(x) = (7r 1 (x)e/J 2 (x))®(7Ii(x)ffi/J 2 (x))* ) 
< (n 2 - l)m k - 1 + 1. 

Proof. In this algorithm, we need a few symbols. First, X^ is defined as X( fe ) but it 
is further required that the elements of X( fc ) are arranged according to the order < from 
the least a\ to the biggest a k t , where a k means the string aa ■ ■ ■ a . In addition, denote 

k 

xX< = {xcji, xcj 2 , . . . , xa m } for x G X*. 

We outline the process for searching for B(w), for all w G X^ 1 ). Initially, we let {rj\U{w) G 
B(w) for w G X^ -1 ), and let queue be E< . Then take an element x from queue and 
determine x = ywi for some y G X* and W{ G X( fc_1 ), and further check whether or not 
{n\v(x) G spanB(wi). If (r/|l7(x) G" spanB(u)i), then add (?7|l7(x) to B(wi) and add the 
elements of xX< to queue from small element to large one sequentially. By repeating the 
above process, we take another element x' from queue and then determine x' = y'vjj for some 
y' G X* and Wj G X( fc_1 ), and further check whether or not {rj\v(x') G spanB{uij). Continue 
this process, until queue is empty. Since the number of the elements in IJiuesC 1 - 1 ' B(w) is at 
most n 2 m k ~ 1 , the number of the elements in queue is at most n 2 m k . In addition, from the 
proof of Lemma 1, we know that G(Iq, w) = G(Iq + z, w) for any i > 0. Therefore, if x belongs 
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to the queue, then k — I < \x\ < Iq + k — 1 < (n 2 — l)m fc 1 + k. Therefore, the above process 
will always end. 

We describe the process by Figure 1 and then we will analyze its time complexity. 

We prove that B(w) found out in the algorithm is exactly a base of G(Iq,w). By the 
algorithm, the vectors in B(w) are linearly independent. Next, we only need to prove that, 
for every w € all vectors in G(Iq, w) can be linearly expressed by the vectors in B(w). 

It suffices to prove that, for any x £ S* with x = x$w, (rj\v(x) can be linearly expressed by 
the vectors in B(w). We proceed by induction on the partial order < on £*. 

(1) Basis. 

When xo = e, we know that (r]\v(w) <G B{w) by the beginning of the algorithm. Thereby, 
{rj\v{x) can be linearly expressed by the vectors in B{w). 

Figure 1. Algorithm (I) for searching for B(w) for all w £ £( fc_1 ). 

Input: Ai = (Qi,Q ( a % I^J.S./ii) and A 2 = {Q 2 ,Q ( al, \^ ) )^ 1 u 2 ) 

Set B(w) = {{r)\v(w)}, for w £ E^ 1 ); 
queue <— 2j< , 

while queue is not empty do 
begin take an element x from queue; 

if x = for some j/£E* and (r?|l7(x) ^ spanB(w) then 
begin add (?7|l7(x) to S(w); 

add all elements of xS< to queue from the least rrcri to the 

biggest xct to sequentially; 
end; 

end 



(2) Induction. 

Assume that, for for some y > e, when xo < y, (rj\V(xow) can be linearly expressed by 
the vectors in B{w). Now, we prove that {r]\v{yw) can be linearly expressed by the vectors 
in B(w) as well. 

(i) If x = yw appears in queue, then we can clearly know that (i]\V(x) can be linearly 
expressed by the vectors in B(w) by the algorithm. 

(ii) If x = yw does not appear in queue, then we know that there exists a w' G E^ -1 ) 
and xi,X2 € XT with |x2| > 1 such that 

x = yw = x\w'x2, (30) 
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and 



(r)\v(xiw r ) = ^p 7 (r7|i/(y 7 u; / ) 
7Gr 



(31) 



for some set of indices T, where p 7 S C, y 7 € £*, and y^ < x\ for all 7 6 T. Therefore, 



and y~ 1 w'x2 < x\w'x2 = x = yw. Let y~ 1 w , X2 = yiyW. Then y 7 < y. Therefore, by the 
inductive assumption, we know that (rj\T7(y' w) can be linearly expressed by the vectors in 
B(w). Consequently, by Eq. (|32|) we obtain that (ri\V(x) can be linearly expressed by the 
vectors in B(w). 

(3) Conclusion. 

For any (rj\v(x) G G(£o,to), (^l^(^) can be linearly expressed by the vectors in B(w). 
Hence, B(w) is a base of G(Zo ; w), for every to € X^ 0-1 ). 

Complexity of the algorithm. First we assume that all the inputs consist of complex 
numbers whose real and imaginary parts are rational numbers and that each arithmetic 
operation on rational numbers can be done in constant time. Note that with time 0(|x|n 4 ) 
we compute {rj\V(x). Then we need to recall that to verify whether a set of n-dimensional 
vectors is linearly independent needs time 0(n 3 ) [6]. The time complexity to check whether 
or not (rj\v{x) G spanB(w) is 0(ra 6 ). 

Because the basis B(w) has at most n 2 elements, U^eE^ -1 ) B(w) has at most n 2 m k ~ l 
elements. Every element produces at most m valid children nodes. Therefore, we visit 
at most 0(n 2 m k ) nodes in queue. At every visited node x the algorithm may do three 
things: (i) calculating (rj\u(x), which needs time 0(|x|n ); (ii) finding the string w composed 
of the last k — 1 letters of x, which needs time 0{k)\ (hi) verifying whether or not the 
ra 2 -dimensional vector (77)17(0;) is linearly independent of the set B(w), which needs time 
0(n 6 ) according to the result in [6]. In addition, from the proof of Lemma 1, we know that 
G(Iq,w) = G(Iq + i,w) for any i > and any w G Therefore, if x belongs to the 

queue, then k < \x\ < Iq + k — 1 < (n 2 — l)m fe_1 + k. 

Hence, the worst time complexity is 0(n 2 m k (n 6 m k ^ 1 +kn 4 +k+n 6 )), that is, 0(m 2k ~ 1 n 8 + 



4.2 A polynomial time algorithm for determining the equivalence between 
multi-letter QFAs 




(32) 



7er 



km k n e ). 



□ 



By virtue of Algorithm (I), we can determine the equivalence between any two multi-letter 
QFAs in polynomial time. 
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Theorem 8. Let E, k\-letter QFA A\, and k^-l&tter QFA A2 be the same as Theorem 7. 
Then there exists a polynomial time 0(m 2k ~ 1 n s + km k n 6 ) algorithm to determine whether or 
not Ai and A2 are equivalent. 

Proof. Denote B = {(r]\V{x) : x £ Uf=(? B Y usin § Algorithm (I), in time 0(m 2fc ~ 1 n 8 + 

km k n 6 ) we can find LLgEO- 1 ) B( w )- Since B{w) is a base of G(Iq,w), we know that every 
vector in {{r]\v(x) : x £ E*, |x| > 1} can be linearly expressed by a finite number of vectors 
in U w ,eE( fc - 1 ) B{ w ) U ^o- Therefore, we have the following algorithm. 

Figure 2. Algorithm (II) for determining the equivalence between multi-letter QFAs. 

Input: Ai = (Qi,Qacc, \tpo 1) ),T;,fi 1 ,ki) and A 2 = (Q2, QaX, \tp^), £, M2, fe)- 
Step 1: 

By means of Algorithm (I), find out B(w) for all w 6 E^ 0-1 ); 
compute So; 

Step 2: 

If V(^| G LLe£C=-i) U^o, (^l-Pacc) = then return (Ai and A 2 are equivalent) 
else return the x for which (??|l7(x)|P acc ) ^ 0; 



Complexity of the algorithm. We compute Bq in time 0{m k 2 n 4 ). Therefore, by Algo- 
rithm (I), in Step 1, we need time 0(m 2k ~ 1 n 8 + km k n 6 ). 

Provided (rj\v{x) has been computed, in time 0(n 2 ) we can decide whether {n\p{x)P acc 7^ 
0. Since the number of elements in Bq U LLg£C=-i) B(w) is at most 0(m k ~ 1 n 2 ), the worst 
time complexity in Step 2 is 0(m fc_1 n 4 ). 

In summary, the worst time complexity in Algorithm (II) is 0(m 2k ^ 1 n s + km k n & ). □ 



5 Concluding remarks 

In this paper, we have solved the decidability of equivalence of multi-letter QFAs. More 
exactly, we have proved that any two automata, a fci-letter QFAs A\ and a ^-letter A2 over 
the input alphabet E = {o~i,o~2, ■ ■ ■ ,c m }, are equivalent if and only if they are (n 2 m k ~ 1 — 
m k ~ 1 + k) -equivalent, where n = n\ + ri2, n\ and ri2 are the numbers of states of A\ and 
A2, respectively, and k = max(/ci, fo). By this result, we have obtained the decidability 
of equivalence of multi-letter QFAs over the same single input alphabet E = {a} and the 
decidability of equivalence of MO-lQFAs. 

However, if we determine the equivalence of multi-letter QFAs by checking all strings x 
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with |x| < n 2 m k ~ 1 — m k ~ 1 + k, then the time complexity is exponential. Therefore, we have 
designed a polynomial-time 0(m 2k ~ 1 n 8 + km k n & ) algorithm for determining the equivalence 
of any two multi-letter QFAs. 

It is worth pointing out that although we have given an upper bound on the length 
of strings to be verified for determining whether two multi-letter QFAs are equivalent, the 
optimality of the upper bound has not been discussed, and this is worthy of further consid- 
eration. An open issue concerns the state complexity of multi-letter QFAs compared with 
the MO-lQFAs for accepting some languages (for example, unary regular languages |2HI23|). 
Also, recalling the relation between MM-lQFAs and MO-lQFAs, the power of measure-many 
multi-letter QFAs is worth being clarified. Whether or not measure-many multi-letter QFAs 
can recognize non-regular languages may also be considered in the future. 
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